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To describe the dynamics of the bending of a thin non-linearly elastic plate, a version of perturbation theory is proposed which
correctly takes into account the non-linearity of the medium, the non-uniformity of the deformations along the plate thickness
and the boundary conditions on its surface. An effective (2 + 1)-dimensional model is constructed which generalizes the static
non-linearly geometrical Féppl-Karman equations. Two-dimensional solitons of the longitudinal deformation are obtained. The
conditions for their existence and stability are investigated. © 2003 Elsevier Science Ltd. All rights reserved.

At the present time, it is mainly longitudinal non-linearly elastic waves in an unbounded medium that
have been most completely described theoretically (see [1] and the literature cited there). The features
of the formation and physical properties of non-linearly elastic excitations and structures in bounded
samples and multilayered materials in regions where they undergo sharp transverse bending have hardly
been investigated. The derivation of simplified models for non-linearly elastic solids is based on physically
obvious geometrical hypotheses, the correctness of which is difficult to assess quantitatively. These
approximations are often not satisfied by the boundary conditions on the surfaces of the samples. This
has led to an inaccurate transformation with small terms and different ways of writing the fundamental
formulae in the non-linear theory of elastic rods, plated [2-5] and shells. '

Below we propose a version of perturbation theory for constructing a simplified non-linear (2 + 1)-
dimensional model for thin plates, the amplitude of the bending of which is comparable with their
thickness. The bending of the plates is assumed to be sharp. A non-linear theory of elasticity is used
[6], in which the elastic energy of the medium contains no gradients of the Lagrange strain tensor. Hence,
the initial (3 + 1)-dimensional equations of the non-linear theory of elasticity contain no dispersion
terms. It is interesting that in the effective (2 + 1)-dimensional model of thin plates, linear and non-
linear dispersion terms appear as a result of eliminating the spatial variable, characterizing the non-
uniformity of the deformation along the normal to the plate, and as a result of taking into account the
boundary conditions on its developed surface. When non-linearity and dispersion effects are balanced
it is possible for soliton-like states to form on the surface of the plate. Hence, when constructing simplified
(2 + 1)-dimensional non-linear equations for a plate, the boundary conditions on its developed surface
must be carefully satisfied. For this purpose we solve a sequence of boundary-value problems in the
direction of the normal to the plane of the plate and monitor the accuracy of the parameters
characterizing the space-time deformation of the plate, and the geometrical and physical non-linearity
of the medium. The boundary conditions on the side faces of the plate are transformed into effective
boundary conditions for the (2 + 1)-dimensional model.

The first orders of the proposed perturbation theory in the quasi-static limit lead to well-known
equations of the statics of flexible plates [7, 8]. However, such a “geometrical” approximation does not
completely describe the non-linear dynamics of sharp bendings of a plate, since, for quasi-one-
dimensional deformations, the non-linear two-dimensional equations reduce to linear equations. In order
to take into account correctly the effects of the geometrical and physical non-linearity of the medium,
we consider subsequent orders of perturbation theory. As a result an effective (2 + 1)-dimensional model
is obtained which adequately describes the interaction between the longitudinal deformations, the
transverse twistings and bendings of the plate, and also the local changes in the inertial properties of
the plate due to its twisting. The transverse loading of the plate is modelled by sources in the simplified
equations.
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Below we consider the model problem of the stability and self-resonant vibrations of a plate, which
illustrates the fact that the non-linearly geometrical Foppl-Karman approximation [7, 8] is insufficient.
Approximations based on geometrical hypotheses or expansions of the displacements in Taylor series
in the coordinate perpendicular to the plate surface often do not satisfy the boundary conditions. Hence,
they may lead to incorrect assessments and qualitative conclusions in the theoretical description of non-
linear, in particular, soliton-like states in the plate, which is illustrated using the example of multisolitons
of longitudinal deformation in the plate.

The formation of purely longitudinal deformations of the plate corresponds to more rapid processes
and requires a special consideration.

1. FUNDAMENTAL RELATIONS OF THE NON-LINEAR THEORY
OF ELASTICITY

In the non-linear theory of finite deformations, the elastic energy of the medium is written in the form
of an expansion in invariants of the Lagrange strain tensor with components
1 1roX,0X
MNix = 'z'[aiuk +0u; + udiuy] = i[a_x:lrx,:l - ik:| (1.1)
Here x, are the coordinates of a point mass of the medium before deformation, X, = x; + u.(x, t) are
the coordinates at the same point after deformation (i, k = 1, 2, 3), and u(x, #) is the displacement vector.
For an isotropic medium we choose [7] as the independent invariants of the tensor ||n;||, in terms of
which the remaining invariance can be expressed, the following

2
L =0y L =0, L=nmmn, (1.2)
We will represent the expression for the elastic energy of an isotropic non-linear solid in the form

W= [edx, 0= %‘1f+u12+‘§13+31,12+§1? (13)

Yo

Here ¢ is the energy per unit volume of the solid before deformation. The elastic moduli A, p, A, B,
and C are assumed to be comparable in order of magnitude. Further, for a plate we will distinguish a
region of space-time scales and external loads where, because of the smallness of the deformations, we
can neglect the other invariants in the expansion of the energy (1.3).

The dynamic equations for a non-linearly elastic solid can be obtained from Hamilton’s principle

8s+[sadr = 0; S = [[K-Uldr (1.4)

I )

The kinetic energy of the system has the form

K = [R@u)’ax (1.5)

Vo

where py is the density of the material in the undeformed state (henceforth we will assume p, = const),
and the integration is carried out over the volume 1V}, of the undeformed body.

The potential energy U includes the elastic energy W of the body and the energy of its interaction
W, with external mass forces

U=W+W; W, = -[poPudx (1.6)

Yo

Here P, is the external mass force and pgP, is the force acting on unit volume of the body before
deformation.
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The work done by the external surface forces has the form [6]

ax
ax do, 1.7

it

J’S T""dctl

The integration is carried out over the surface ¢ of the undeformed body.
Hamilton’s principle (1.4) gives the necessary dynamic equations [6]

SlI

-0 d) 90
+pgP; =0, P;= an,,+a""'ank, (1.8)

where ||P;|| is the Piola-Kirchhoff tensor, and also the boundary conditions, referred to the surface
of the unc{eformed plate

x| 9%s

xlox.™ (1.9)

ext
P"snslo = T’j det

[+

Here n is the vector of the unit normal to the surface o.

2. CONSTRUCTION OF THE SIMPLIFIED (2 + 1)-DIMENSIONAL
EQUATIONS FOR A NON-LINEARLY ELASTIC PLATE

Consider a non-linearly elastic plate, parallel to the x,Ox, plane. Suppose 4 is the plate thickness along
the x; axis, / is the characteristic spatial scale of its deformation in the x;0x; plane, and a and
t., = INWp, are the characteristic amplitude of the displacements and the characteristic deformation
time.

We will introduce two small parameters €; = a/l and €, = d/l, whlch reflect the order of smaliness of
the amplitudes of the displacements and of the plate thickness. In the initial dynamic equations (1.8)
we will change to the dimensionless variables

é(l = xa/l, n = x3/d, T= t/tch’ u,- = al-l,- (2.1)
They then take the form
2_
“EIEZatua = pOdP(l + EzaBPaB +anPa3 (2.2)
2_
u€1€231u3 = podP3 + EzBﬂPsB"'anP:{; (2.3)

Here and henceforth o, p = 1, 2; 9, = 9/0€,,.

Consider the region of sharp bends of the plate, where the approximate estimate €; ~ €, (or a ~ d)
holds. We will assume that the mass force and external stress on the developed planes (n = +!/5) of
the plate are characterized in order of magnitude by relations

ext

dpoPyln = O(€}), dpoPolu = 0(€)); Tiiu = O(e}), TSy = O(e)) (2.4)

The external loading on the side faces of the plate are much greater

ext

ap/ll 0(51 ) (2.5)

In this paper the fields &, describe not only local deformations of the material with charactcrlstlc
scale /, but also the quasi-uniform plane stressed state of the plate, for which dgit, = O(e?). These
conditions distinguish the region of physical parameters of the problem in which non-lmear dynamics
of the plate will be described within the framework of the simpler non-linear (2 + 1)-dimensional model.

To construct the simplified equations we will seek solutions of the initial (3 + 1)-dimensional equations
(2.2) and (2.3) in the form

0 —(n - - (26)
u3—u§) Xug)’ Z(n)

n=1 n=1
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The superscripts indicate the general order the corresponding terms in the parameters €; and

€ (€1 ~ €).
We will confine ourselves to considering comparatively slow processes

dlaylny = Toglp = O(e)) 2.7)
In order to indicate the first order of a derivative with respect to time, we will formally make the

replacement d; — d .
The following representation corresponds to expansion (2.6)

oo

(n)
S W (2.8)

n=

Substituting (2.8) in (2.2) and (2.3) and equating terms of the same order in the parameters €; and €,
to zero, we obtain a chain of equations. The necessary boundary conditions are found by expanding
the right-hand side of Eq. (1.9) in the parameters €; and €,. The first orders of perturbation theory give
the simple boundary-value problems

9P =0, PYl_ =0 i=0123 (2.9)
anpgg) = 0’ P((ll;) n=+£172 = 0’ k = 1,2 (210)

As a result of solving these we obtain expressions for the fields LT,((‘). The functions a§’> =(i=20,1)
do not depend on n. This simplifies the further calculations, Henceforth we will denote functions that
are independent of 1 by a tilde: #{) = &{) (i = 0, 1). Fora® (k = 1, 2), & (n = 2, 3) we obtain the
expressions

By = —ed 4 "+, k=12 (2.11)

) _ 1 (A 2,-(n-2)
Uy = A’+2u( 2(527]) Au3 +

(2.12)
+ e Vs e, (M + u)(auag"aaag")""z’m) +i" n=23

The functions iz, ﬁg") arose as a result of the integration and are as yet arbitrary. They will be determined
by the next orders of perturbation theory.

We can express the components of the two-dimensional strain tensor in terms of the functions ’12&"’ -
and "2 (m = 2, 3)

nflp” = G;'E)-Elézﬂaaapﬁgm_z) ;o om=23 (2.13)

The tensor with components

el = (&,/2) [0,y + 3pi ™ + €3, s ) "

describes “plane” deformation that is uniform over the plate thickness. Here and henceforth notation
of the form (aaug'%@g))("' =2 implies the sum of all products of the quantities 9,7’ and aﬁugk), which
satisfy the limit i + k = m — 2. For further calculations the following relation between 11(3"3) and n{% will
be useful

) A
T'I3; = -mnaa, n=223 (2.14)

We will illustrate the general scheme for integrating the equations of perturbation theory using the
example of the following boundary-value problem (everywhere henceforth, unless otherwise stated,
m=3,4)
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(m b

3Py +€0Puy ) = 0 (2.15)

(m)
P [“ sip = 0 (2.16)

In Egs (2.15) the tensor “P(k)" (k = 2, 3) is symmetrical and can be expressed in terms of functions
introduced

(k) ~(k-2) (k)

= (@0/0MG) Y = Ay +155)8ep + 22Uy = €N Lopis > + 003 (217)

Here Laﬁ = AS(,B + 21040 is the differential operator, G('g are the components of the symmetrical
tensor, characterizing the plane stressed state of the plate

Oup = Nel8op+ 2pely (2.18)

and X' = 2Ap/(A + 2u) is the effective modulus of elasticity of plane deformation. The stresses cgkg

give rise to a load on the side faces of the plate. In particular, when there is no load of the order of €;
on the side faces of the plate, we can put u(l) = u(z) = 0(3) = 0, and the perturbation theory is simplified
considerably.

We integrate Eqgs (2.15) with respect to m in the limits from i = 0 to a certain value 1| (| < 1,). We
obtain

(m-1)

P () - P(0) - X 2he(e m)?Ad, i V4 emdgoly = 0 (2.19)

In relations (2.19) only the dependence on the variable 1 is indicated explicitly. Assumingn = =/, in
(2 19) and taking boundary conditions (2.16) into account, we obtam a system from which we can find
P (O) and equations connecting the functions u( "2 and @ uy"

PR(0) = K22

€,689,i5" Y, dp0087" = 0 (2.20)
Reverting from Egs (2.20) to Eqgs (2.19), we obtain

_ N+ 2LL 2 ~(m 3)
On the other hand, by definition (the second relation of (1.8)), we have

(m) 3¢ \m - o B
Pa3 = (a—n—t;) = 2',],’[]“3 = u(ela ( 1) sanug )+

(2.22)
+ el[(aaﬁ( )a _())(m 1)+(a -() -())(m 1)])

Note that on the right-hand side of this equation all terms apart from (a/d)o,, 7{™ are already known.
Hence, by combining relations (2.21) and (2.22) we can calculate the 10ng1tudmal displacements

Z g = 62261[(“.2‘%)"3 A ;2’1 }Aa amm Yy

Gn)\v m- ~ "
g ey 3" VA ¢ |00 €0 3,50 22

2
A ~(m DD €l ~(m-3) 20 ~ (m)
+_a Yy Eaa,h (aY 1) ] duam
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Here @™ = @{™ (&,, &, 1) are functions which arise when Eqs (2.21) and (2.22) are integrated.

When s = 3, 4°the components P(‘) and P 3) are not equal to one another. However, by definition
(the second relation of (1.8)), they are related to one another and the function P( 9) is also known. Hence,
from the equations of perturbation theory

(s+1)

dpoP; orh

+€3P5s +3,P5" " = peje,dl i Y (2.24)
we can obtain P§’3+ D when s = 3, 4. When Eqs (2.24) are integrated with respect to 11 one must take
into account the non-zero boundary conditions on the plate surface (see (1.9) and (2.24))

(s+1) ext (s+1)

Py ln=nin = [Ta] (2.25)

and the mass forces, if there are any.

The scheme for integrating Eq. (2.24) is no dlfferent form that considered in the example of Eq. (2.15).
As a result of simple calculations we find P33 (n) and the evolution equation for the transverse
displacements of the plate

2 ~(n- n n
ne,e,d; 5 ™Y = pod (PYVy + { P} -
'+2 . - (2.26)
- ~1'-2 Ee €€ 2A2 : 4)+el€235[a “() “]( 2), n=4,5
Here and henceforth, for brevity, we have introduced the notation
2 |
N = [ rman, 4y = fn=3)-f(n=-3) (227)

-172

In the static case (22 ﬁgo) = () when there is no load of the order of € on the side faces of the plate,
the second equation of (2.20) (m = 3) and Eq. (2.26) (n = 4) form a closed system, identical with the
Foppl-Karman equations for a thin plate 7], which are usually derived from the equilibrium conditions
when using geometrical hypotheses. This approximation only takes into account the geometrical non-
linearity of the medium and is insufficient to investigate the non-linear dynamics of plates. In fact, as
a consequence of the second equation of (2.20) (m = 3), the last term in Eq. (2.26) (n = 4) can be
written in the form

(0) 2) Vg (2)

€,€,05[0,it3 Copl = €,€,0,0u3 G +o(e1)

As a result, non-linear equation (2.26) becomes close to linear, and in the case of one-dimensional
deformations it reduces to a linear equation. Hence, the non-linear dynamics of thin plates is only
completely developed in the next orders of perturbation theory. We emphasize that these relations of
dynamics will be due not only to the geometrical non-linearity of the medium but also the physical non-
linearity. The physical non-linearity of the medium is characterized by invariance of the third and higher
orders in the expansion of the elastic energy (1.3). In order to go outside the framework of the “quasi-
linear” approximation (2.20), (2.26), we consider the equations of perturbation theory of the fifth and
sixth orders in the parameters €; and €. These calculations are more tedious but can be carried out
using the previous scheme.

The dynamic equations for the longitudinal deformations of the plate have the form

4) 52”(73 + ZH)AaaE(z)

2 (l) (5) (
u,eleza F + Ezap 48”

€,dpT15H (2.28)
Here
(n) sabx (n)+ 2u€(n)

~ - -2 - n-
.‘,’8 D@l + 3ga " + €, (8,017 4 €94 3571, m = 2,4
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The effective longitudinal forces
€A
FQ = —-a Ldpo(MPSY + (PR 1+ {PS)} + dpy (P (2.29)

are connected with the external loading of the plate, where, by relations (1.9) and (2.4)

(5 ext.(5)
P |r| 12 [Ta3]

It is interesting that the non-uniform transverse loading of the plate by surface and mass forces
generates an effective longitudinal force (the first term on the right-hand side of expression (2.29). The
components of the tensor || I'Ig‘g || have the form

M5 = [a,(e5) +ay(e) +by(€,6,9,3,")” + byle,€,857) 1805 + (2.30)

+2a,€ .(n) ap +C(€1€)) Au‘°’aﬁaaa§°’ + E(K’ +21)(€;€;) aaa‘;”AaBu“” +€,0, i) .(,;)

where
JAL B L s, cap o A
a, = 2+7»+2u’ az_(>~+2p.)3[ AA+6ur"B+8u Cl 3

—_ L _% A"2 - 1 3“, A,'
bl = 24[2‘114'3}1 )"]’ b2 12 8["1""2?1:[’ c = 6[01"”7"'-4-:]

In relation (2.30) the non-linear terms, which depend on eﬁ,zﬁ, reflect the interaction of the longitudinal
deformations of the plate, whereas terms which depend on ﬁgo) are induced by transverse bendings of
the plate, it twists and curvature.

The dynamic equation for the correction u(2 has the form

uelez[az -1 Lyt 4] -

3
(6

=q (7\- +2)e A" +El€28a[ap~() ()]

(2.31)
152 . 7» 3. (0) (5)

Here g® is the effective two-dimensional field of the external forces, which lead to transverse bendings
of the plate

7 = €9, ({nPa3}+dp0(nP(5))+[1+——:|e18 "“”[{nP“"}+dpo(np“’)])+

2 (2.32)
4
A({n "Pi3'} +dpo(n’ P + (P} + dpo(PY
The boundary conditions on the plate surface
ext, (6) xt.,(4) _ ext,(5) -
P lyasin = (THT +ITHT €duiy +[T30] €3ai )], - s1n (2.33)

follow from expansnon (1.9) up to terms of the sixth order in the parameters €, and e,.

The quantity TS takes into account the effects of non-linear dispersion, and also the interaction of
the inhomogeneous twistings, flexure and bendings of the plate with one another and with its longitudinal
deformations
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H(S)-——e,ezaﬁ(2ble(2)aﬁa i + Cegp ALy [a a0 Lol + €, (3, L "°’])
—€16,0,(2baevy Ay + 223, 9,5”) +

+€,9,i ([b,(a 3, + by(ail)’ - (a 3. “°’)Layu‘°’](e.62) ra, (€D +
(2.34)

2
- by SN -
+a2(e( ) ) ,aﬂ i {48|.1L aB€yy €2 424 eme(ﬂ)+(e,€2) caﬁa u(o) (0’}_
(6152)

aBa '~'(0)LY ~(1)

where

L

b = u b, = .‘i ¢ _ A+ 2“

Note that the second term in the square brackets on the ieft-hand side of Eq. (2.31) takes into account
the change in the inertial properties of the plate due to local changes in its curvature.

The results obtained can be combined and used to construct an effective system of (2 + 1)-dimensional
equations for thin plates, the bending of which is comparable with their thickness. These equations define
the complete longitudinal and transverse displacements of the plate

Vo = uf,” + ﬁf,z) + uff), Uy = i D4 ug” "(2)

Combining approximations (2.20) and (2.28), (2.26) and (2.31), it is easy to show that, up to terms
of the sixth order in the parameters €; and e, inclusive, the equations of the evolution of the fields
v, and v; are

eix(x +2M)

2 (5 (2) 4)
€16,100; Uy = Fy +€,030,5+ yrm Ad€,, +€,0p11,5 (2.35)
ez Al
lezul:a‘r, Uy~ 12( )a AU3J =
3 (2.36)
_ eff €€ A+ 21 3-[3 x 1 A o
=gq _-17( +2U)ATU; + €€, B[ Olv3<$mﬂ]— ( +2u)[ +_H]A U3 + €,0,I1,

Here we have introduced the two-dimensional deformations and stresses
€qp = %[aavﬁ + 0V, + €0, V0V, + €0,V305 03]
Gop = M€y o+ 2U€qg
The effective two-dimensional forces have the form
T = (P + P +dpo (P + Py + 4 (2.37)

Expressions for €3, I1§) and H(‘B are obtained from the formal replacement ﬁ(l) = Uy, 'LI(O) - v
introduced above. T e closed system (2.35), (2.36) is an approximation which does not v1olate the
boundary conditions on the plate surface up to terms O(&). The effective equations obtained take into
account the fundamental non-linear interactions in the plate. They cannot be reduced to linear equations
in the case of one-dimensional deformations.

Note that, when relations (2.20) and (2.26) are taken into account the form of system (2.35), (2.36)
may be altered. In particular using relations (2.26) one can reduce the overall order of Eq. (2.26) - one
can express the derivatives A3y, in terms of second and fourth-order derivatives.
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For the model obtained one must formulate effective boundary conditions on the sides of the plate.
They can be derived from the variational principle (1.4) after substituting expressions for the fields ii,(c"),
obtained from perturbation theory, into it. As a result of simple integrations, the variational problem
gives the necessary boundary conditions on the sides of the plate, and also the conditions which take
into account the concentrated forces at the corners of the plate. It can be shown that such an algorithm,
in the fourth order in the parameters €, and €, leads to boundary conditions that are known for the
Foppl-Karman equations [7, 8].

3. A SIMPLE MODEL PROBLEM

Consider a plate loaded by external forces along the x, axis

ext

Title, -2, = 0(€)) +O(e)
We will assume, for simplicity, that there are no stresses T{;' of order &} on the side faces of the plate.
When §; = +/; we will assume conditions of hinge support of the sides of the plate. We will also assume
that when &, = =, the displacements of the plate are bounded by constraints in the x, direction, which
allow of displacements of the plate in only the x; and x; directions.

In this case

v = (&), v3=13(§), v, =0

and the problem is simplified.

Although it is obviously difficult to realise this situation experimentally, nevertheless it is useful to
consider it. This example illustrates the insufficiency of the Foppl-Karman approximation [7, 8] and
contains features which may be encountered in more complex cases.

Suppose the constant stress 75} is close to the value T}, for which, according to the linear theory,
a loss of stability of the plate occurs

lin ext, . lin

2
Tym~TylT, -1~¢

In the region of neutral stability of the plate the dynamics of the fields v; will be slow

o T
T
) (3.1)

- ;—;(7\' +21){v; + 61790, = o(e[)

In order to stress the second order of the derivative with respect to time we will formally make the
replacement T — T,.

We will obtain the effective boundary conditions for the plate using the scheme described in the
previous section. We will assume that on the sides &, = +/; of the plate the values of the variations
8'&%"), 88%72&"’ are fixed, while the variations aalzzg“, 8&5" 1 are arbitrary (k = 0, 2). Under conditions
(3.1) the following boundary conditions agree with the equations of perturbation theory

= 32 - @) _ ppexty(2)
Vsl 2w, = alv3|§|=ﬂ. =0, oy =n =1Ty)

ext(4) ext(2).2 3a,+a (32
ol = 1= (4 2222 )
l+ u

Taking relations (3.1) and (3.2) into account, we obtain from the second equation of (2.20) and (2.28)

off = ITH1" +o(e)
x+2 ) (33)
Gﬁ) = - (elez)z[b1 +by+c+ _Lﬂ}(afua) + cﬁ)lgl =4, + o(e?)

24
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while from Eq. (2.36) we obtain a closed equation for v

2 2 4 2
d;, U3 + @,0] V3 +a,0, Vs + g0, [0, u3(afv3) 1=0 (3.9)
where

a = (7R e - Larny®?)

2

€2 (4 ext (017  3a;+a
12u(}“+2” 2T (1o+x+2p))

Q
~
|

1 1
@(elez)z(x +2)

Note that, as a consequence of estimates (3.1), when calculatlng 0' we neglected the inertial terms,
and when deriving Eq (3.4) we omitted the terms ~81281v3

For the problem in question, the non-linearly geometric Foppl-Karman equations can be reduced
to linear equations and lead to the threshold stress

lin

1
Ty = —l—i(nez)z(l‘ﬂu)

for which a neutrally stable solution of the form v; ~ sinn(&; + /) appears. In this case the dimensional
length of the plate 2L, (the dimensionless length 2/,) and the characteristic scale / are connected by
the relation 2L/l = 2/; = n, where n is a natural number (values of » > 1 only arise in the case of an
explosive load [9]).

We will seek a solution of the non-linear equation (3.4) in the form

vy = A(Ty)sinn(§, +1,) (3.5)
The secular terms in Eq. (3.4) will be eliminated if
NA+0gA-YA = 0, o = an’—a,n’, ¥ = gn'la (3.6)

Suppose A = 1, 9,4 = 0 when 1, = 0 (the amplitude a of the displacements of the plate is introduced
in the definition of €;). Equation (3.6) allows of the first integral

2(0,4)" = Y(A* - 1)(A*-B); B+1 = 205/ (3.7)

Equation (3.7) has a bounded solution only when § = 1 [10]. The neutral stability of the plate corresponds
to the equality, Hence we obtain the threshold value of the modulus of the external loading

6 L0 A+2p 21 32 (Feier)

lin, 2
ITlm ( (Ttez) [17 3a, + az]) (Tyy) A +2u
Hence, loss of stability of a non-linearly elastic plate occurs for a load which differs from that obtained
from the ‘quasi-linear” theory [7, 8].
Suppose the longitudinal load on the plate is less than the critical value: w§ > y. We will discuss the
forced vibrations of a plate acted upon by a small resonant load with a developed surface

ext

T33

= 0g(x, T,)cos9(1,)

Here we have introduced a new dimensionless parameter o, characterizing the smallness of the external
action (0 < o < 1). Suppose the amplitude of the external force varies slowly compared with its
frequency: d,,4/0,,¢ = o(1).

In this case, instead of Eq. (3.6) we have the following for the amplitude of the vibrations of the plate

LA+ wpA-YA’ = af(1,)cos0(1y) (3.8)
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where
A

fﬂtﬁan§+hN§

f(@) = ,eeu

The properties of the solutions of non-linear equation (3.8) with zero initial data (4, 0,,4) = (0, 0)
were investigated in [11] and the conditions for which the energy of the system increases, although the
external force remains small, were obtained.

Unlike resonance, in the linear problem in order for non-linear self-resonance to occur it is necessary
for the amplitude of the external force to exceed a certain threshold value. Moreover, in the non-linear
problem the frequency of natural vibrations of the plate decreases as the amplitude increases. Hence,
to achieve self-resonance at the first stage (while the amplitude of the vibrations of the plate is still
small) one must slowly vary the phase of the inducing forces

-2A/3

2(1+0)/3
0(1,) = QT+ Y

), A20 (3.9)

The conditions which the functions f and & must satisfy in order for the problem to have increasing
solutions as T, — oo, were obtained in [11]. These conditions depend on the rate of monotonic change
in the frequency 9., ¢ of the inducing force and correspond to hard (A = 0) and soft (A > 0) modes of
self-resonance.

4. NON-LINEAR DYNAMICS OF LONGITUDINAL
DEFORMATIONS OF THE PLATE

Longitudinal deformations, which occur in the plane of the plate and are not accompanied by bending
of the plate, are a particular form of the deformations of a thin plate. Unlike transverse bendings of
the plate, these are comparatively rapid processes. The equations of perturbation theory given above
must therefore be changed.

Suppose the previous estimates hold for the change in the fields i, in space and for the value of the
external loading, while estimate (2.7), characterizing the change in the displacements with time, is
replaced by d0diy/i, = O(1). In this case the effective equations of the dynamics of longitudinal
deformations of the plate are obtained by a small modification of the previous calculation scheme. On
the one hand, additional inertial terms appear in the equations of perturbation theory. On the other,
all terms not containing derivatives with respect to time are obtained from the previous equations
provided '11(") = 0 (k = 0, 1, 2). We will point out the key factors.

Essentlally, for the rapid processes being considered, the inertial properties of the plate and the
two-dimensional stresses Gg‘ﬁ (k = 1, 2) turn out to be related:

we,d7iy = dpogg”+o(er ") (4.1)

The relation between the stresses cgj{' D and the dlsplacements 1s the same as relation (2.18) with

¥ = 0 (k = 0, 1, 2). From the equations of evolution for the fields 7)), taking into account the constraint
pareld = (v +2p)Aely +o(e})

which follows from relation (4.1), we obtain, after integration with respect to m

3
2-3) _ & (A <2) (5 4
HEIEZa it ) 12 ( ) a a + F )+ Ezaﬂcuﬂ + Ezaﬁn( ) (4.2)
Expressions for e&ﬁ 0(43 1'1(43 are obtained from the previous ones when ¥ =0 k=0,1,2).
The effective non-linear equations for the resulting displacements v, = u( (2) + U 7 are obtained

by combining expressions (4.1) and (4.2)

3
p.e,eza,zva = F;5)+ €,030,p + lzu(}” ) a dy e(2)+ aﬁn“" (4.3)
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where
GaB = K’SGBGW + ZHEaﬁ

€ 2 €
€oup = —Zl[aaUB+anu+€laavyany], E;-B) = é[aavB‘Faﬁvu]

while in the expression Hﬁfg we must make the formal replacement 'ﬁél) = Uy

Equations similar to (4.3) were derived previously in [12] from the variational principle using the hypothesis of
the generalized plane stressed state. This hypothesis corresponds exactly to relation (2.12) when n = 2 and
a§"> = 0 (k = 0, 2). However, approximation (2.12), if we neglect the correction u#$) by itself violates boundary
condition Pff} (n = £'/,) = 0 on the plate surface. At the same time the inclusion of ﬂoff) leads to the disappearance
of the linear dispersion term ~auAe§2Y) in the equations of [12]. In order respects the equations of [12] are
identical with Egs (4.3). The parameters f3; and B, from [12] are related to the moduli of elasticity a; and a, of the

present paper by the relations

B, = a/(M+2p), B, = 2(3a, +a,)/(3[A +2u))

Since the linear dispersion terms are responsible for the formation of soliton-like states, we will discuss
the possibility of the formation of longitudinal-deformation solitons in the plate. We will consider the
special case when the longitudinal displacements of the plate depend only slightly on the spatial
coordinate &,, and the displacements along the x, axis are small compared with the displacements along
the x; axis: »/v; ~ d,/d1v, ~ €. Moreover, we will neglect surface and mass forces.

Note, that when describing processes which change more slowly in space than the ones considered,
there is no need to revert once again to the initial (3 + 1)-dimensional equations and to reconstruct
the perturbation theory. It is easier to carry out the necessary reduction within the framework of the
effective equations (4.3).

In this case, in the principal approximation, there are no local rotations of the medium around the
x5 axis, and hence the shear deformations satisfy the condition d;v, = d,v;. Taking this into account,
system (4.3) can be reduced to a (2 + 1)-dimensional equation for the field ¢ = dv,

' 2 1y2
3% = {7‘ ';;ZP‘A " %@i) afaf}p +g070” (4.4)

In the long-wave limit for perturbations, which propagate with velocities close to the velocity of sound
s = vV (A" + 2u)/u (in dimensionless variables), Eq. (4.4) can be simplified by using the approximation
920 ~ 52930 + o(e;). As a result we have

320 = [0*Va-a“ V3110 + 3]0 (4.5)

where

2
g0 A2 w0 _f_z_(_}:_._s)z
Toop T o12\2p

€ 3.
g = E‘[3al+a2+§(l +2u)}

If, in Eq. (4.5), we neglect the dependence of the field ¢ on the spatial coordinate &, it reduces to
the completely integrable Boussinesq model. If we confine ourselves to considering waves moving in
one direction along the x; axis, with velocities close to the velocity of sound, model (4.5) can be reduced
to the (2 + 1)-dimensional integrable Kadomtsev—Petviashvili model.

In the general case, it has been shown [13] that Eq. (4.5) allows of a Backlund transformation. If ¢,
is a certain solution of this equation and the function f satisfies the equation

2,0)

(D2 - o> V(D + D}y + o' OD} - 286,D21f - f = 0 (4.6)

then
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o = 9o~ 60“ g0l Inf

will also be a solution of Eq. (4.5). Here DAf - f = (3; - 0.)f(1)f(T') |« = ¢ etc. are Hirota operators.

The bilinear form enables us to use Hirota’s method to obtain (2 + 1)-dimensional soliton-like solutions
[13]. In particular, we obtain the N-soliton exponential solution

0 = 6“3ty

f = zu=0’] exp[ ;>injuip’j+2i “’ini:l

-1
expa;; = ‘[(Qi—Qj)z*kz(Pi_Pj, qi"qj')][(gi"'Qj)z“kz(l’i"'Pj, qi+9;)]
expn; = exp[QT+ p&; +q.&, + Mg,

2 2,0 40) 4
K(p,q) = a*? &0

4.7

[PZ'HIZ]—O! p. Q =k(p,q)

Here 3, _ ¢, ; denotes summation over all possible combinations of p = 0, 1, ¥, ., ; denotes summation
over all possible pairs of N elements, and ¥; denotes summation over i fromi = 1toi = N. The parameters
Qi pi, i, Ng; must satisfy reductions which guarantee that ¢ is real.

When N = 2M, and the parameters are related pairwise such that Qg = QF ; ), P, = Pf y etc.
(s = 1,2, ... M), expression (4.7) describes an ensemble of M two-dimensional “pulsating” solitons.
These solitons become singular at certain space-time points, and hence it is difficult to give them a
physical interpretation.

For real p;, g;, ©;, Ng; the solution describes elastic paired collisions of N quasi-one-dimensional “plane”
solitons of the type

4,0) ,2 2.0 2
q) = —g(—x—z-i, 0= d(E..l +ut)’ d2 = = (4_0;4 >0
gch’® 4o

where u the soliton velocity. “Plane” solitons are non-singular. Their stability or instability to two-
dimensional perturbations depends on the sign of the quantity a® P9, In this case o> Yo+ ? < 0,
and “plane” solitons, moving with supersonic velocities (u* > s°), are stable to two-dimensional
perturbations [13].

It was shown in [13] that model (4.5) also allows of “cigar-shaped” polynomial solitons. In this case
these solitons are unstable to two-dimensional perturbations.

The above analysis agrees with the results of experiments on the observation of longitudinal deforma-
tion solitons in a plate [14].
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